We show that it is possible to construct ǫ ′ /ǫ to NLO using partially quenched chiral perturbation theory (PQChPT) from amplitudes that are computable on the lattice. All of the low energy constants needed to construct ǫ ′ /ǫ can be obtained when one uses K → ππ computations at the two unphysical kinematics allowed by the Maiani-Testa theorem, along with the usual (computable) two-and three-point functions, namely K → 0, and K → π (with 4-momentum insertion). We also demonstrate that none of the needed amplitudes require three-momentum on the lattice for either the full theory or the partially quenched theory; non-degenerate quark masses suffice. Direct calculations of K → ππ at unphysical amplitudes are plagued with enhanced finite volume effects in the (partially) quenched theory, but in simulations when the sea quark mass is equal to the up and down quark mass the enhanced finite volume effects vanish to NLO in PQChPT, when the number of sea quarks is ≥ 1. In embedding the QCD penguin left-right operator onto PQChPT an ambiguity arises, as first emphasized by Golterman and Pallante. With one version (the "PQS") of the QCD penguin, the inputs needed from the lattice for constructing K → ππ at NLO in PQChPT coincide with those needed for the full theory. Explicit expressions for the finite logarithms emerging from our NLO analysis to the above amplitudes are also given.
Introduction
There have been several recent lattice attempts to calculate Re(ǫ ′ /ǫ), the direct CP violating parameter in K → ππ decays. These include attempts with domain wall fermions by the CP-PACS [1] and RBC [2] Collaborations. A notable feature of both of these calculations is that their central values differ drastically from experiment. The experiments at CERN [3] and Fermilab [4] have yielded an experimental grand average of Re(ǫ ′ /ǫ) = (1.8 ± 0.4) × 10 −3 [5] . The lattice collaborations find a value ∼ −0.5 × 10 −3 , a negative value, though the groups have made rather severe approximations. Such a disagreement between theory and experiment should not be totally unexpected given the serious approximations and resulting systematic errors, which have so far been necessary in order to implement the calculation on the lattice. [6, 7] One of these uncontrolled approximations was the use of the quenched approximation, where the fermion determinant in the path integral is set to 1 in order to make the problem more tractable on present day computers. Another was the use of leading order chiral perturbation theory (ChPT) to relate unphysical K → π and K → |0 amplitudes to the physical K → ππ amplitudes, as first proposed by [8] . Because of the difficulty of extracting multihadron decay amplitudes from the lattice, as expressed by the Maiani-Testa theorem [9] , it is much easier to compute the two-and three-point functions (i.e., K → |0 and K → π, respectively) and use ChPT to extrapolate to the physical matrix elements.
It is likely that the next-to-leading order (NLO) corrections to ChPT will be significant for the operators that contribute to Re(ǫ ′ /ǫ), and should not be neglected. Unfortunately, at higher orders in ChPT the number of free parameters that must be determined from first-principles methods like the lattice proliferates rapidly. It has been shown by Cirigliano and Golowich [10] that the dominant electroweak penguin contributions [(8,8) 's] to K → ππ can be recovered at NLO from K → π amplitudes using 4-momentum insertion. Bijnens, et al. [11] showed how to obtain most of the low-energy constants (LEC's) relevant for the case of the (8,1)'s and (27,1)'s using off-shell K → π Green's functions; not all LEC's could be determined using this method, though.
In [12] , it was shown how to obtain physical K → ππ, ∆I = 3/2 [(27,1)'s and (8, 8) 's] at NLO from K → ππ at unphysical (SPQcdR) kinematics accessible to the lattice. This method requires 3-momentum insertion, and it is not yet clear if it can be extended to the ∆I = 1/2, K → ππ amplitudes. In our previous paper [13] , an alternative method was proposed for constructing the physical K → ππ amplitudes to NLO for all (∆I = 1/2 and 3/2) operators of interest. For the ∆I = 3/2 amplitudes this requires K → K; K → π, ∆I = 3/2; and K → ππ, ∆I = 3/2 at one of (at least) two unphysical kinematics points where the Maiani-Testa theorem can be bypassed. The two special kinematics points where this is possible have been discussed in the literature: (i) m lat K = m lat π , where the weak operator inserts energy [14] ; and (ii) m lat K = 2m lat π , i.e. at threshold [15] . As in [13] , we refer to these two cases as unphysical kinematics point 1 (UK1) and point 2 (UK2), respectively. Finally, it was also shown in [13] how to obtain the physical K → ππ at NLO for the ∆I = 1/2, (8,1) (e.g. Q 4 and Q 6 ) and the mixed (27, 1) ⊕ (8, 1) case (e.g., Q 2 ) using K → π with 4-momentum insertion and K → ππ at both UK1 and UK2. Note that the mixed case also requires information obtainable from the amplitudes needed to get K → ππ, ∆I = 3/2 for the (27,1)'s. The main purpose of [13] was, in fact, to show that even for the (8, 1) 's all of the information needed to construct K → ππ to NLO in ChPT could be obtained from amplitudes that can be computed on the lattice, at least in principle.
It should be pointed out that there are other unphysical kinematics values for the K → ππ amplitudes where the initial and final state mesons are at rest that bypass the Maiani-Testa theorem. These kinematics are similar to UK1 in that they require energy insertion, but with m K = m π . This corresponds to the SPQcdR kinematics with both pions at rest [12] . Lattice calculations at these values of the kinematics could also be useful in obtaining other linear combinations of LEC's for additional redundancy.
In this work we show that where 4-momentum insertion is required for any of the amplitudes needed according to the prescription of [13] , it suffices to allow only energy insertion at the weak operator such that the initial and final state mesons are at rest. This means that the K → ππ amplitudes can be constructed to NLO using non-degenerate quarks, but without using 3-momentum insertion, making the computation much more economical.
Another approach to K → ππ and ǫ ′ /ǫ amplitudes has been proposed by Lellouch and Luscher [16] in which finite volume correlation functions on the lattice are used to extract physical amplitudes without recourse to ChPT, at least in principle. This method is expected to be difficult computationally, but a way of reducing the cost of the Lellouch-Luscher method has been proposed [17] .
Although NLO ChPT may not be the final answer, it is more reliable than leading order, and it is useful to have the NLO expressions even to extract the leading order LEC's from the lattice data. Since the lattice data that will be generated in the near term will be in the (partially) quenched approximation, it is necessary to have the corresponding amplitudes in partially quenched ChPT. Therefore, in this paper, we present the partially quenched expressions for the quantities of greatest interest for Re(ǫ ′ /ǫ), namely the amplitudes for the (8,1) and (8, 8) operators. For the partially quenched amplitudes we assume that all relevant quark masses are small compared to the η ′ mass, so that the η ′ can be integrated out, and the LEC's of the partially quenched theory coincide with those of the full theory when the number of sea quarks is three [18] .
For the ∆I = 1/2 amplitudes there is an additional complication involving eye diagrams having to do with the sum over quarks in the penguin operators [19] . For the left-right gluonic penguin operators the two possible choices correspond to what we will call the PQS (partially quenched singlet) method and the PQN (partially quenched non-singlet) method. They are discussed in detail in Section 6.1. It is important to note that only for the PQS method can the LEC's sufficient to construct ǫ ′ /ǫ to NLO be determined, whereas it is not clear if the PQN method can be extended to NLO. Therefore, the PQS method is used to compute the NLO amplitudes in this paper. Finally, it should be mentioned that the ∆I = 1/2, K → ππ amplitudes receive enhanced finite volume contributions in the partially quenched theory [20, 21] . However, when m sea = m u = m d , the infra-red divergences in the K → ππ amplitudes (at UK1 and UK2) vanish in PQChPT to NLO. It may still be useful to study the sensitivity of these amplitudes to finite volume effects, and extensions of our work to finite volume PQChPT is also clearly desirable.
The content of the paper is as follows. Section 2 briefly reviews the formalism of effective four-fermion operators in a standard model calculation. Section 3 reviews ChPT and the realization of the effective four-quark operators in terms of ChPT operators for weak processes. Section 4 reviews partially quenched chiral perturbation theory and how it can be extended to the electroweak sector. Section 5 presents results for the full theory, demonstrating that for all the amplitudes considered in [13] , 3-momentum insertion is not essential and non-degenerate quark masses suffices to construct K → ππ to NLO. Section 6 presents the main results of this paper, showing how to obtain the K → ππ amplitudes needed for Re(ǫ ′ /ǫ) in the partially quenched theory from quantities which can be computed directly on the lattice. Also, a discussion of the treatment of eye-diagrams in the partially quenched theory is given, as well as a comparison of PQS and PQN results at leading order according to the papers by Golterman and Pallante [19] . Section 7 discusses the checks done on the various one-loop logarithmic expressions. Section 8 presents the conclusion. The finite logarithm contributions to the relevant amplitudes are presented in a set of Appendixes. An error in Eq (D6) of [13] is corrected in Appendix F.
Effective Four Quark Operators
In the Standard Model, the nonleptonic interactions can be expressed in terms of an effective ∆S = 1 hamiltonian using the operator product expansion [22, 23] ,
where V i CKM are the relevant combinations of CKM matrix elements, c i (µ) are the Wilson coefficients containing the short distance perturbative physics, and the matrix elements ππ|Q i |K µ must be calculated nonperturbatively. The four quark operators are
In the effective theory Q 1 and Q 2 are the current-current weak operators, Q 3 − Q 6 are the operators arising from QCD penguin diagrams, while Q 7 − Q 10 are the operators arising from electroweak penguin diagrams. Note that the definitions of Q 1 and Q 2 are different from our previous paper [13] . After a Fierz transformation, one can see that the definitions of the two operators are switched. We have changed the definitions of Q 1 and Q 2 to be consistent with the basis used by RBC [2] and that of [22] ; this does not, of course, effect any of the results of our previous paper.
Chiral Perturbation Theory
Chiral perturbation theory (ChPT) is an effective quantum field theory where the quark and gluon degrees of freedom have been integrated out, and is expressed only in terms of the lowest mass pseudoscalar mesons [24] . It is a perturbative expansion about small quark masses and small momentum of the low mass pseudoscalars. The effective Lagrangian is made up of complicated nonlinear functions of the pseudoscalar fields, and is nonrenormalizable, making it necessary to introduce arbitrary constants at each order in perturbation theory. In such an expansion, operators of higher order in the momentum (terms with increasing numbers of derivatives) or mass appear at higher order in the perturbative expansion. The most general set of operators at a given order can be constructed out of the unitary chiral matrix field Σ, given by
where λ a are proportional to the Gell-Mann matrices with tr(λ a λ b ) = δ ab , φ a are the real pseudoscalar-meson fields, and f is the meson decay constant in the chiral limit, with f π equal to 130 MeV in our convention. At leading order [O(p 2 )] in ChPT, the strong Lagrangian is given by
where χ = (m u , m d , m s ) diag and
The leading order weak chiral Lagrangian is given by [8, 10] 
where t ij kl is symmetric in i, j and k, l, traceless on any pair of upper and lower indices with nonzero elements t Also, Q is the quark charge matrix, Q = 1/3(2, −1, −1) diag and (λ 6 ) ij = δ i3 δ j2 . The reason λ 6 enters these expressions is because it picks out the s to d, ∆S = 1 transition.
The terms in the weak Lagrangian can be classified according to their chiral transformation properties under SU(3) L × SU(3) R . The first term in (14) transforms as 8 L × 8 R under chiral rotations and corresponds to the electroweak penguin operators Q 7 and Q 8 . The next two terms in (14) transform as 8 L × 1 R , while the last transforms as 27 L × 1 R under chiral rotations. All ten of the four quark operators of the effective weak Lagrangian have a realization in the chiral Lagrangian differing only in their transformation properties and the values of the low energy constants which contain the non-perturbative dynamics of the theory.
For the transition of interest, K → ππ, the operators can induce a change in isospin of 
Note that Q 3 − Q 6 are pure isospin 1 2 operators. At NLO the strong Lagrangian involves 12 additional operators with undetermined coefficients. These were introduced by Gasser and Leutwyler in [25] . The complete basis of counterterm operators for the weak interactions with ∆S = 1, 2 was treated by Kambor, Missimer and Wyler in [26] and [27] . A minimal set of counterterm operators contributing to K → π and K → ππ for the (8 L , 1 R ) and (27 L , 1 R ) cases is given by [28] , with the effective Lagrangian
This list is identical to that of Bijnens et al. [11] for the (27, 1)'s and the (8, 1)'s, except for the inclusion of O (8, 1) 35, 39 and O (27, 1) 20,24 which contain surface terms, and so cannot be absorbed into the other constants for processes which do not conserve 4-momentum at the weak vertex. Since we must use 4-momentum insertion in a number of our amplitudes, these counterterms must be considered, and they are left explicit even in the physical amplitudes. The list of (8, 8) operators is that of Cirigliano and Golowich [10] .
The divergences associated with the counterterms have been obtained in [10] , [11] , and [26] . The subtraction procedure can be defined as
with the divergent pieces, ε i , ε ′ i , γ i , η i given in Table 1 . It is also necessary for the method of this paper to consider the O(p 4 ) strong Lagrangian, which was first given by Gasser and Leutwyler, L 
The Gasser-Leuytwyler counterterms also contribute to the cancellation of divergences in the expressions relevant to this paper. The subtraction is defined similarly to that of the weak counterterms,
with the divergent parts of the counterterm coefficients given in Table 2 [25]. 4 Partially Quenched Chiral Perturbation Theory
There are two approaches to (partially) quenched QCD, the supersymmetric formulation [29] and the replica method [30] . Damgaard and Splittorff claim that the two methods are equivalent in the context of perturbation theory in the strong sector. We choose to follow the original method of Bernard and Golterman [29] for partially quenched chiral perturbation theory (PQChPT). In this method, the valence quarks are quenched by introducing "ghost" quarks which have the same mass and quantum numbers as the valence quarks but opposite statistics. As in [28] , we consider a theory with n quarks and N sea quarks, so that there are n − N valence and n − N ghost quarks. The valence quarks have arbitrary mass, while the sea quarks are all degenerate. The symmetry group of the action is
In the partially quenched case, the chiral field
has φ a λ a replaced by a (2n
where φ is an n × n matrix containing the pseudoscalar meson fields comprised of normal valence and sea quarks. φ is an (n− N )× (n− N ) matrix comprised of ghost-antighost quarks, while χ † is an n × (n − N ) matrix of Goldstone fermions comprised of quarks and anti-ghosts. The most general set of operators can be constructed out of Σ, and these operators can be written in block form as
where the sub-matrices have the same dimension as the elements of Φ, above. The transition to the partially quenched theory is made by replacing φ a λ a by the above (2n − N ) × (2n − N ) matrix, Φ, and replacing the traces in the operators with supertraces, defined as
As a practical matter, in almost all of the NLO diagram calculations considered in this paper, the minus sign in the supertrace is cancelled by an additional minus sign coming from anticommuting pseudo-fermion fields. The bare mass of a pseudoscalar meson is given by
where m i and m j are the masses of the two quarks that form the meson. We define m 33 to be the tree-level meson mass of two valence strange quarks, as in [28] 
The tree-level mass of a meson made from the ith valence quark and a sea quark is
In this paper we consider only the case where the η ′ has been integrated out. Thus, the results are applicable to lattice calculations only when both sea and valence quark masses are small compared to m η ′ . Although it may be difficult computationally, this is precisely the case in which the LEC's of PQChPT are the same as those of full QCD when the number of sea quarks is three [18] . This is because the LEC's are independent of quark mass even if one varies sea and valence masses separately. In order that the LEC's of PQChPT be those of the real world, the sea and valence quarks must be small enough that the η ′ decouples, and its effects are integrated out the same way in both PQChPT and in full ChPT. The Minkowski space propagators for the flavor diagonal elements of Φ are given by [28] 
where ε i = +1, for 1 ≤ i ≤ n (valence and sea);
At LO (NLO), the operators in PQChPT are still given by Eqs. (13, 14) [Eqs. (16, 20) ], but with tr → str for all operators. In the extension to the partially quenched case,
in block diagonal form, and the mass matrix,
There is a choice in how to embed the quark charge matrix in the partially quenched theory, and this will effect the ∆I = 1/2, (8,8) amplitudes considered in this paper. If one wants to partially quench the electroweak penguin operators, then the ghost quark charges should be the same as the corresponding valence quark charges. If, on the other hand, one wants to allow valence quarks to couple to photons and Z's, then the ghost quark charges should be set to zero so they do not appear in, and therefore cancel, the electroweak valence quark loops. We present amplitudes in this paper for both choices. Also, since we choose the sea quarks to have degenerate mass, the sum of the sea quark charges is the only quantity involving the sea quark charge that contributes. This is zero for three flavors, and in this paper we keep this true for arbitrary sea quark number, N , by setting the sea quark charge to zero.
Also in the partially quenched case, the coefficient of the counterterm divergence depends on the number of sea quarks, N [21] . The N dependence of the necessary coefficients for the (8, 1)'s was calculated following [26, 31] , and the results are presented in Table 3 . This paper uses a different basis from [21] for the (8, 1)'s, and also several more LEC's appear here, so the calculation was redone for this work. The usual method was employed, expanding the action around the classical solution (background field method) and using a heat kernel expansion. The N dependence of the coefficients of the divergent parts of the (8, 8) counterterms was given in [10] . These values are also presented in Table  3 .
It is necessary to include an additional (8,1) operator, O
, in this analysis of the partially quenched case since it can no longer be written as a linear combination of the other operators via the Cayley-Hamilton theorem. In the case of full ChPT, the operator O and O (8, 1) 13 . Since e 14 has a divergent part, the coefficients of the divergences of the other four operators are modified (for N = 3) from the values in Table 1 . Note that e 4 and e 12 have been omitted in Table 3 . These LEC's do not appear in any of the amplitudes of interest in this paper.
The Gasser-Leutwyler counterterms also contribute to the cancellation of divergences in this paper in the partially quenched case. The N dependence of the coefficients, Γ i , is given in Table 4 .
When N is arbitrary, there is in general another operator [25] 
, which cannot be absorbed into the first three Gasser-Leutwyler operators as it can for N = 3 using trace relations. For the purposes of this paper, the additional operator and its divergent coefficient, L 0 , can be absorbed into L 1 through L 3 for the only amplitude of interest to which it contributes, K → ππ 
−N/16 0 Table 4 : N dependence of the divergences in the strong O(p 4 ) counterterms, Γ i [21] . Table 4 .
K → ππ without 3 momentum insertion
In [13] we have shown that all the amplitudes of interest for the (8,1)'s and (27,1)'s can be obtained to NLO in ChPT when one uses lattice computations from K 0 → K 0 , K → |0 , K → π with momentum and K → ππ at the two unphysical kinematics points UK1 [14] ⇒ m K = m π and UK2 [15] ⇒ m K = 2m π . Specifically these two points correspond to threshold and thereby the Maiani-Testa theorem is evaded [9] . Here we ask how far one can get by not using 3-momentum insertion in K → π and using only non-degenerate quarks so that on the lattice m K = m π . In this case one is using energy insertion with
The motivation for this should be clear. Not only can 3-momentum insertion add to the computational cost, it also tends to be noisy. On the other hand, in a typical weak matrix element calculation, m K = m π is relatively inexpensive to implement, since light quarks with several masses are needed anyway.
At O(p 4 ) in K → π one can see explicitly [13] that different LEC's appear in front of (
is not clear if all of the LEC's needed for constructing K → ππ to O(p 4 ) can be obtained if one restricts to no 3-momentum insertion in K → π. We find that for all cases of interest without 3-momentum insertion, although some lowenergy constants cannot be obtained, the linear combinations that are needed for constructing the physical NLO amplitude can always be obtained. This simplifies the necessary effort considerably. This section will be restricted to demonstrating this result for the full theory, but in the next section we show that the same result holds also for the partially quenched case in the PQS framework. It is not known whether this continues to hold in the PQN framework, which is considerably more complicated at NLO.
In [13] we showed how to get physical K → ππ amplitudes for both ∆I = 1/2 and 3/2 cases to NLO. Since K → π amplitudes do not conserve four-momentum for m s = m d , it is necessary to allow the weak operator to transfer a fourmomentum, q ≡ p K − p π , as in [10] . This is also necessary for the case of K → ππ at m K = m π [14] . Our method [13] requires computation of K → ππ at unphysical kinematics because there are low energy constants which appear in K → ππ but do not appear in K → π at all [11, 28] .
We should also mention that there are other unphysical kinematics values (besides UK1 and UK2) for the K → ππ amplitudes where the initial and final state mesons are at rest that are accessible to lattice calculations. These values of the kinematics bypass the Maiani-Testa theorem because the final state pions are at threshold, but energy insertion (or removal) at the weak operator has to take place in order to conserve 4-momentum. On the lattice, so long as one studies the appropriate correlation function as a function of Euclidean times and does not sum over the time index, the weak operator can insert (or remove) the necessary amount of energy. What we are calling UK1 (m K = m π ) and UK2 (m K = 2m π ) are just special examples of this more general kinematics which we call UKX, which is itself a special case of the SPQcdR kinematics [12] where the pion 3-momentum is zero, and E π = m π . We point out that the UKX kinematics is at threshold because of the ability of the weak operator to inject or remove the necessary energy, so that the Maiani-Testa theorem is bypassed even for ∆I = 1/2 amplitudes. Although we do not need UKX to obtain all of the LEC's necessary to construct K → ππ amplitudes using our prescription, it is clearly useful to have as much redundancy as possible in the determination of these parameters.
Finally, it is also useful to emphasize that even when one works to LO, K → π with m K = m π (without 3-momentum insertion) suffices to give K → ππ at that order, thus providing an alternate subtraction method to the one that has been recently used [1, 2, 6, 7] with K → |0 [8, 32] .
(27, 1), ∆I = 3/2
The expression for the physical K → ππ, including only tree level O(p 2 ) and O(p 4 ) weak counterterms, is [13] 
The counterterm expressions needed to construct this physical amplitude are given in [13] Eqs (21) (22) (23) (24) , and the finite logarithmic contributions are given there in Appendix C. Counterterms needed to construct the above K → ππ amplitude can be obtained from K 0 → K 0 ; K + → π + , ∆I = 3/2 (non-degenerate quarks); and K → ππ, ∆I = 3/2 at either value of the unphysical kinematics. Note that the expression for K + → π + , ∆I = 3/2 reduces, for the case of no 3-momentum insertion, i.e.
The logarithmic corrections to this expression reduce to the value given in Appendix C of this paper. Fits to the K → π data can therefore give d 
non-degenerate quarks); and K → ππ, ∆I = 1/2 at both unphysical kinematics. All of the needed counterterm amplitudes appear in Section 4b of [13] , and the corresponding logarithmic corrections appear in Appendix D of that paper. Note that an error was discovered since publication of that work in Appendix D, Eq (D6). The correct expression appears here in Appendix F. Again, it is sufficient to allow q 2 = (m K − m π ) 2 in the expression for K → π, [13] Eqs (28) and (29) . These equations become 
The logarithmic corrections associated with the above two amplitudes are given in Appendix C of this paper. In evaluating, for example, π + |Q 1/2 2 |K + , the right hand sides of Eqs. (35) and (36) have to be added. In fitting to lattice data, for example, the m 
(8,1)
The case of pure (8,1) operators, e.g., Q 6 , is simpler than the previous case of mixed ∆I = 1/2 operators, and is phenomenologically the most important one as it gives the dominant contribution to the CP-odd phase of ǫ ′ /ǫ coming from QCD-penguins.
]. The first of these is obtained from K → |0 . The second requires both K → |0 and K → π (m K = m π ). The third and fourth are also obtained from K → π. K → ππ at UK1 then gives the fifth, and K → ππ at UK2 gives the sixth coefficient.
(8,8)
Since the leading order (8, 8) begins at O(p 0 ), the NLO contribution comes at O(p 2 ). As an example, Eq (36) from [10] is given (with our normalization of f ),
Now with m K = m π , even when both mesons are at rest and p K · p π = m K m π , there is no loss of information, and all the coefficients can be obtained at NLO without 3-momentum insertion.
K → ππ Amplitudes in PQChPT
In this section we discuss the ambiguity of PQChPT in the ∆I = 1/2 case where eye-diagrams appear. Two ways arise in the context of PQChPT for dealing with the gluonic penguins, the PQS and the PQN methods. These are described, and their predictions at leading order are compared using formulas given by Golterman and Pallante. In the following subsections we give NLO expressions in PQChPT for the ingredients necessary to obtain K → ππ at O(p 2 ) and O(p 4 ) for the (8,8)'s and (8,1)'s, respectively. For the (8, 8 )'s it is necessary to know K → π, ∆I = 3/2 and 1/2 in order to get all the coefficients at NLO, as shown in [10] . This remains true in PQChPT. For the (8,1)'s, one needs K → |0 , K → π with non-degenerate quarks, and K → ππ at two values of unphysical kinematics, m K = m π (UK1) and m K = 2m π (UK2), as shown in [13] in full ChPT to NLO. This remains true in PQChPT only when one is working within the PQS framework. This paper, therefore, follows the prescription of the PQS method for the ( 
The conclusion of the previous section that three-momentum insertion is not essential holds also in the case of PQChPT.
The diagrams to be evaluated for the NLO corrections are shown in Fig  1. The topologies are unchanged from [13] , although additional pseudo-fermion ghost and sea meson fields propagate in the loops. The renormalization of the external legs via the strong interaction must be taken into account.
The Treatment of Eye Graphs
There is a subtlety concerning the ∆I = 1/2 amplitudes in the partially quenched theory, and this has been discussed by Golterman and Pallante for the case of the gluonic penguins [19, 28, 33] . What follows is a summary of their work. To illustrate the subtlety, we discuss the situation for the Q 6 gluonic penguin operator, given by
The right part of this operator is a sum over light flavors, q = u, d, s, so in the full theory the right handed part is a flavor singlet under the symmetry group SU(3) R . In the partially quenched theory one has at least two options. One may choose to sum over all the quarks, including sea and ghost in which case the right component of the operator transforms as a singlet under the extended symmetry group; therefore, this is called the PQS (partially quenched singlet) option. In the second option, one may choose to sum in Eq (38) over only the valence quarks. In this case the operator is a linear combination of two terms, one of which transforms as a singlet under the extended symmetry group, while the other does not transform as a singlet under the irreducible representation of the extended symmetry group (rather, for Q 6 , it transforms in the adjoint representation); therefore, we choose to call this the PQN (partially quenched non-singlet) method. Given that the flavor blind, vector character of the quark-quark-gluon elementary interaction in QCD plays a crucial role in leading to the explicit singlet form [Eq (38) ] of the right-handed part of the penguin operator, it seems reasonable to preserve this basic character in generalization to the partially quenched case which contains additional quarks. This provides the rationale for the PQS option.
The origin of the PQN option is quite different; it is, in fact, the straightforward implementation of the quenched approximation to a lattice calculation of the necessary Green's functions. The usual practice leads one to use only the valence quarks in the necessary Wick contractions for, say π|Q 6 |K , which then lead to valence quark loops (see Fig 2a,b) , the so-called eye graphs. In such an implementation all other quark loops are computed when the fermion determinant is evaluated in the generation of the gauge configurations. When one partially quenches in the PQN method, the gauge configurations are generated using the number and mass of the sea quarks, but the propagators for the loops of the eye graphs (Fig 2a,b) are still computed with those of the valence quarks. In the partially quenched case where the sum in Eq (38) is over the valence quarks only, as mentioned above, the operator is a linear combination of two terms, only one of which transforms as a singlet under the extended symmetry group. Fig 2 shows the Green's function relevant for a lattice evaluation of π|Q 6 |K consisting of the two eye graphs originating from the Wick contractions. Any number of gluon lines from the background gauge configurations (not explicitly shown) are understood in such a pictorial representation of these nonperturbative graphs. As usual, one of the Wick contractions is a product of two color traces (Fig 2a) , while the second is a single trace over color indices. In the PQS implementation of the Q 6 penguin operator, in the quenched case whereloops in the gluon propagation are not included, the eye graph (Fig  2b) with a single color trace should also be excluded, for consistency [19, 33] .
In the PQN option of calculating π|Q 6 |K , one uses valence quarks for the propagators of the eye-graphs in the corresponding Green's function, as this appears analogous to the usual practice in lattice computations. However, the situation at hand demands caution. Lattice calculation of π|Q 6 |K is qualitatively different in important aspects from (say) spectrum, decay-constant or form-factor calculations.
To trace the potential inconsistency we show the weak operator with a magnified view in the non-perturbative eye-graph (Fig 3) . Inside the dashed lines is the magnified short distance effective penguin operator; outside of these dashed lines any number of soft gluon lines from the background gauge configurations are understood, just as in Fig 2. For π|Q 6 |K , Fig 3a and 3b correspond to the product of two color traces (Fig 2a) and Fig 3c corresponds to the single trace over color indices (Fig 2b). Fig 3c shows clearly that the corresponding Wick contraction (single trace over color indices for Q 6 , i.e., Fig 2b) in a lattice evaluation of π|Q 6 |K contains aloop in the propagation of the gluon, and since in the quenched case these are being dropped from the background gauge configurations one may wish to exclude Fig 2b (for Q 6 ) in the quenched approximation. In a similar vein, for the partially quenched case one may, for consistency, take the quark loop in the eye graph of Fig 2b (Fig 3c) to be that of sea quarks only [19, 33] , as in the PQS method. This lack of consistent (partial) quenching causes the ChPT mass dependence to change between PQS and PQN methods, potentially contaminating the LEC's one is trying to extract using the PQN method in fits to lattice data. On the other hand, one may be reluctant to drop some of the contractions in the calculation, as is done in the PQS method, for fear of throwing away information. Thus, the appearance of eye-diagrams has created an ambiguity because the contraction of Fig 3c yields a quark vacuum bubble, and it is not obvious whether the propagators to be contracted should be the sea or the valence; the first choice corresponds to PQS and the second to PQN. The correspondence between the traditional form of the non-perturbative eye graphs as shown in Fig 2 and The treatment of ChPT for the case when only valence quarks are contracted in the eye-diagrams was first discussed by [19] , for the case of the gluonic penguins. When one includes only the valence propagators in the eye-diagrams (no partial quenching of the effective operator) for the case of the gluonic penguins the right handed part of the (8,1)'s is no longer a singlet, and there is a contribution from a non-singlet operator. For the left-left gluonic penguins, Q 3 and Q 4 , these non-singlet contributions do not occur until next-to-leading order [33] . For the left-right gluonic penguins, Q 5 and Q 6 , the non-singlet operator transforms under the same irreducible representation as the (8,8) (8, 8) operator. These were calculated in [33] for the left-right gluonic penguins, Q 5 and Q 6 . Since the amplitudes in this case no longer transform as pure (8,1)'s, but pick up a contribution from the (8,8)'s, this calculation corresponds to the PQN method. It is useful to compare the (PQ)ChPT expressions for the PQS and PQN methods, and the next section compares the two methods at leading order for the left-right gluonic penguins, using expressions derived by Golterman and Pallante [19, 28, 33] .
We choose to work within the framework of [28] , where the PQS method was (implicitly) used. In this case there is the possibility of determining the LEC's to NLO. For the left-right gluonic penguins, for example, at NLO in the PQN method there are many more LEC's that appear in the amplitudes we are considering than in the PQS method. These are the O(p 4 ) LEC's of the (8,8) NNLO local operators, and it is not even clear whether one can determine the correct linear combinations of the new LEC's necessary to construct K → ππ at NLO in ChPT from the PQN method, except when N = 3 and m sea = m val (i.e., full QCD), as in that special situation the two options coincide. On the other hand, for the PQS method, no new ingredients are needed over the ones listed in our previous work [13] which were needed for the case of full ChPT. The PQS method can also be applied to obtain all of the needed LEC's to construct K → ππ to NLO for the case N = 2 (using the same ingredients as for the full theory), though in this case the LEC's are not necessarily the same as in the N = 3 physical case.
To reiterate, in general, the PQN method is complicated by the contributions of many more LEC's, and it is not known whether this method can be used to NLO. The PQS method gives us everything we need, and is the only method where we have demonstrated that it is possible to obtain K → ππ to NLO in ChPT. Thus, we use the PQS prescription.
As discussed in [19] , the NLO (8,8) [19, 33] . This is discussed further for Q 5, 6 , LO K → ππ amplitudes in the next subsection. This paper requires K → |0 , K → π, m s = m d = m u , and K → ππ at two unphysical kinematics in order to construct the physical (8,1), K → ππ amplitude for any gluonic penguin operator (Q 3,4,5,6 ) using the PQS prescription. Reference [28] presented K → |0 , and K → π, m s = m u = m d , and we agree with those calculations in the case we consider, namely the partially quenched case with m val , m sea ≪ m η ′ . We extend these calculations to include all amplitudes needed to obtain the (8,1) LEC's necessary to construct K → ππ to NLO.
In the case of the (8, 8) , ∆I = 1/2 amplitudes, one must also make this choice of whether to (partially) quench the right side of the penguin operator. In this case, however, the difference comes in the choice of the quark charge matrix, Q. If we choose the ghost quark charges to be equal to the valence quark charges, then we quench the electroweak penguins, and one should ignore the valence contributions to Fig 3c ( To summarize, our calculation for the (8,1) gluonic penguin matrix elements corresponds to the PQS method. In the corresponding lattice calculation, the eye contractions of Fig 3c (corresponding to Fig 2a for Q 3 , Q 5 , and Q 7 , and to Fig 2b for Q 4 , Q 6 and Q 8 ) include only the sea quarks. That is, the propagator of the internal loop of Fig 3c is calculated with the masses of the sea quarks, not the valence quarks. As discussed above, when N = 3, this, the PQS method, allows for the only known implementation of the reduction method for the gluonic penguins. It greatly simplifies the LO analysis [33] , and makes possible a NLO determination of all of the necessary LEC's, as demonstrated in this paper. For the (8, 8) 
PQS vs PQN at Leading Order
This section is a review of Golterman and Pallante's [19, 28, 33] results for the leading order, left-right gluonic penguins, Q 5 and Q 6 . Table 5 compares the results of the PQS method versus those of the PQN method. The results are for the subtracted K → π matrix elements, where the (large) subtraction is performed using K → |0 . For details on how this subtraction is performed, see [2] . The end result of this subtraction in the case of full QCD (no quenching) is just α
, which is the physical LO LEC that contributes to K → ππ. In this case, the two methods, PQS and PQN, are procedurally the same, and they therefore give the same answer.
When N = 3, but m sea = m val , the LEC's in the amplitudes are still those of the full theory, but an additional LEC, the leading order (8, 8) electroweak penguin LEC, α 88 , contributes in the PQN case to K → |0 multiplied by some logarithmic terms [19] . Thus, a subtraction that is performed without taking this into account has a contamination. Looking in Table 5 at the PQS result, we see that this method is simpler. At NLO the difference is even more severe, so that PQS is the only method shown to be feasible. In this case the difference in practice between the two methods is whether one uses the sea mass or the valence mass in the propagator of the loop in Fig 3c. appears multiplied by logarithmic terms, and these must be removed even after the K → |0 subtraction has been performed. Notice also the presence of the β terms in linear combination Table 5 : The leading order LEC's as determined in PQChPT from K → π after using the K → |0 subtraction described in [2] are presented. They are compared for the PQS and PQN methods in the case of the left-right gluonic penguins. The two methods agree for the full QCD case. For the N = 3, m sea = m val case there is a logarithmic contamination for the case of PQN. For N = 2, the LEC's are not those of the full theory, and additional terms appear for the PQN case. For N = 0, the quenched case, there are also additional terms that contribute in the PQN case. See [19, 33] for the derivations of these results and the values of the logarithmic corrections abbreviated here.
with the α
term. These β terms always appear in the same linear combination with α N =2 1 , including in the expression for K → ππ. Thus, it is not obvious whether they represent a correction to the α N =2 1 term or a contamination. Clearly, it will be important to compare the results of both methods. The most useful thing (aside from an N = 3 calculation) would be a study of the subtracted LO constants for the PQS and PQN methods as a function of N , so that one could try to extrapolate each result to N = 3, and compare the two results.
Note that the β terms are related to the (8,8) LEC's, c r i in the terminology of this paper. The correspondence to our notation is
Finally, when N = 0 the theory is completely quenched. This corresponds to ignoring all contractions of the kind in Fig 3c for 
These are the expressions in the full theory and were given by [10] , where they showed that one can obtain the necessary linear combinations of LEC's from K → π, ∆I = 1/2, 3/2. We demonstrate this holds also for the partially quenched case. In Eqs (40), (41) as well as all the following amplitudes, we include only the tree level weak counterterm contributions. For clarity, the logarithmic terms and the Gasser-Leutwyler L i counterterms have been omitted from this section, but are included in Appendix D.
The K → π counterterm amplitudes are given by π + |O (8, 8) Note that for the cases of physical K → ππ amplitudes (40),(41), and (44), the pseudoscalar decay constants and masses are the physical (renormalized to one-loop order) ones. For all other amplitudes given in this paper except K → ππ at physical kinematics, the formulas are in terms of the bare constants. The distinction between bare and renormalized constants is made only in tree-level amplitudes, since making this distinction in the NLO expressions introduces corrections at higher order (NNLO) than is considered here.
The logarithmic and Gasser-Leutwyler counterterm contributions to the amplitudes in this section are given in Appendix D.
Partially Quenched (8,1)'s to NLO
The amplitudes necessary to construct the physical K → ππ matrix elements are K → |0 ; K → π, m s = m d = m u ; and K → ππ at the two unphysical kinematics points m K = m π (UK1) and m K = 2m π (UK2). The counterterm part of the physical (8,1) amplitude is via the Cayley-Hamilton theorem, as discussed in Section 4. Since this is no longer true in the partially quenched theory, one must obtain the constant separately. Therefore, it is left explicit in the physical amplitude.
For K 0 → |0 , we have
At NLO one can obtain e 2 and e 1 − e 5 from this amplitude. The other relevant expressions are 
for K → ππ, m K = m π = m, and 
From equation (46) one can obtain the leading order LEC's, α 1 and α 2 . If one uses the LEC combinations obtainable from K → |0 , e Using all of these results with the result of Eq (48), one can obtain e r 13 . For the construction of the physical K → ππ amplitude we need seven of these linear combinations: [e 2 , e 1 + e 3 − 4e 39 , e 10 − e 35 , 2e 10 − e 11 , e 11 + 2e 15 , e 13 , e 14 ].
One can verify that with these linear combinations one can obtain the linear combinations in Eq (44).
The logarithmic and Gasser-Leutwyler counterterm contributions to the amplitudes presented in this subsection are given in Appendix E. In the partially quenched case there are, in general, additional complications in the calculation of the ∆I = 1/2, K → ππ amplitudes due to threshold divergences leading to enhanced finite volume effects [21, 34] which require special care. We present the results in Appendix E of the infinite volume Minkowski space amplitude for K → ππ. The threshold divergences are imaginary and vanish at NLO when the sea meson mass becomes equal to the pion mass (or in terms of quarks, m sea = m u = m d ) for any N ≥ 1, see Eqs (E3, E5). In infinite volume Euclidean space the imaginary part vanishes since M Euclid = 1/2(M| in − M| out ), but in lattice calculations the (divergent) imaginary part shows up in the form of enhanced finite volume corrections except as stated above when m sea = m u = m d for any N ≥ 1. In finite volume calculations, unless the sea masses are chosen as stated, these corrections may be significant. See [20, 34] for relevant calculations and discussions.
Checks of the Calculations
The logarithmic terms in the Appendixes of this paper are rather lengthy, and so checks are important. The first check these expressions must pass is that the divergences from the one-loop insertions cancel those of the divergent counterterms. This was checked for all expressions in this paper. Another check is that an expression reduces to some other in the appropriate limit. For example, in the SU(3) limit, the equations in Appendix C reduce to those of [11] in the same limit, as well as those of [28] , modulo renormalization scheme dependent constants. That is, the logarithmic terms agree, but the scheme dependent m 4 coefficients differ.
The K → ππ amplitudes in the full theory for the (8, 8) 's in Appendix D agree with Pallante, et al. [27] , as well as with [10] (where only numerical values were given). Also, the PQ K → π amplitudes of Appendix D for the (8, 8) 's agree with [10] when they reduce to those of the full theory, in the SU(3) limit with m sea = m val . In Appendix E, Eq (E1) [PQ K → |0 for the (8,1)'s] can be compared directly with [28] , where it agrees to within renormalization scheme dependent constants. Eq (E2) [PQ K → π for the (8,1)'s] also agrees with [28] in the SU(3) limit modulo the renormalization scheme dependent constants. Eq (E3), K → ππ at UK1, reduces to that of the full theory for m SS = m, N = 3, and can be compared with our previous paper [13] . Note, however, there is an error in this quantity in [13] which has been corrected in Appendix F of this paper. Eq (E5), K → ππ at UK2, does not reduce to that of the full theory since m s = m d = m u , but the sea quarks were taken to be degenerate. Note that the logarithmic parts of the α 2 term vanish for this on-shell quantity just as in the full theory.
Conclusion
This paper demonstrates that all of the ingredients necessary to construct all of the K → ππ amplitudes to NLO in the full theory can be obtained without 3-momentum insertion on the lattice, which reduces the computational cost of obtaining the NLO LEC's; all that is necessary in the needed K → π amplitudes is the use of non-degenerate quark masses such that m lat K = m lat π . It was also demonstrated that all of the ingredients needed to produce ǫ ′ /ǫ to NLO are obtainable from partially quenched ChPT. In the case that N = 3, the LEC's are those of the full theory. The partially quenched amplitudes were calculated under the assumption that both the valence and sea quark masses are small compared to the η ′ mass so that the η ′ can be integrated out. This means that the N = 0 limit of our amplitudes are not those of the quenched approximation, and this has been discussed elsewhere [28] . We point out that we are using the PQS method [33] , where only the sea quarks propagate in the loops of Fig 2 for the various operators) , and that the necessary ingredients to obtain the (8,1)'s are unchanged from [13] in this prescription. The PQN method, however, may not be adequate to determine the LEC's to NLO, except in the case where it becomes the full theory (N = 3, m sea = m val ).
The PQChPT formulas of this paper should be valid for N = 2, however, and this should be useful for the work in progress by RBC with N = 2 dynamical flavors of domain wall quarks [35] , though the values of the LEC's determined from these calculations will not necessarily be those of the full theory. One would hope, of course, that the N dependence will not be so severe, and that this calculation will not be so far from the full theory. Ultimately, one would like to check this with a full N = 3 calculation.
Finally, we point out that the threshold divergences that lead to enhanced finite volume corrections to the lattice calculations of ∆I = 1/2, K → ππ expressions at NLO vanish at the unphysical kinematics considered in this paper (UK1 and UK2) when the sea quark mass is equal to the up and down quark masses (m sea = m u = m d ). As long as at least one dynamical quark with mass equal to the up and down quark mass in the simulation is used, the enhanced finite volume effects vanish, though the LEC's will not necessarily be those of the real world for N = 3. It is also possible that the problem of enhanced finite volume corrections can be overcome by going to large lattices, though this solution may be more costly than adding the dynamical quarks. It would also be useful to extend the present work to the case of partially quenched finite volume ChPT. See [34] for a discussion of this issue.
APPENDIX A
Appendixes B-E contain the finite logarithm and Gasser-Leutwyler counterterm contributions to the amplitudes presented in this paper. They were calculated using the FeynCalc package [36] written for the Mathematica [37] system. These expressions involve the regularized Veltman-Passarino basis integrals A 0 , B 0 and C 0 [38] :
Note that the original Veltman-Passarino integrals did not involve ChPT, and so the pseudoscalar decay constant, f , is not part of the original definitions of the integrals, but is inserted here for convenience.
APPENDIX B
At 1-loop order in the partially quenched theory the pseudoscalar decay constants and masses are renormalized such that f π,K = f 1 +
For degenerate quark masses at 1-loop order, m
with m 
APPENDIX C: Log Corrections to full ChPT
The logarithmic corrections to the K → π amplitudes in the full theory when 3-momentum insertion vanishes are π + |O (27, 1) ,(3/2) |K 
These are the simplified versions of [13] , Eqs (C2), (D3) and (D4), respectively, when q 2 = (m K − m π ) 2 .
APPENDIX D: PQ Log Corrections to (8,8)'s
The logarithmic corrections for the (8, 8) amplitudes relevant for the determination of K → ππ are given in this section. The logarithmic corrections to K → ππ in the full theory were calculated first in [10, 39] , and are included here for completeness. 
For the ∆I = 1/2, K → π corrections there are (at least) two possibilities, when the electroweak theory is partially quenched and when it is not. The following amplitude corresponds to quenching the short distance electroweak theory, neglecting the type of contraction in Fig 3c (with a photon or Z 
while the next corresponds to where the short distance electroweak theory is not quenched, and valence quarks do propagate in the loops of Fig 3c ( again with a photon or Z replacing the gluon). 
APPENDIX E: PQ Log Corrections to (8,1)'s
The logarithmic corrections for the quantities relevant for the determination of the (8,1), K → ππ amplitudes are given in this Appendix. The logarithmic corrections to the physical K → ππ amplitude have been done by [26, 27] , and we refer to [13] , Eq. D10, for the amplitude in our conventions. The logarithmic corrections to K → |0 and K → π are given by 
